In this paper, we establish a large deviation principle for the two-dimensional stochastic Navier-Stokes equations driven by Lévy processes, which involves the study of the Lévy noise and the investigation of the effect of the highly nonlinear, unbounded drifts.
Introduction
It is well known that the two-dimensional Navier-Stokes equation with Dirichlet boundary condition describes the time evolution of an incompressible fluid and is given by where D is a bounded domain in R 2 with smooth boundary ∂D, u(t, x) ∈ R 2 denotes the velocity field at time t and position x, p(t, x) denotes the pressure field, ν > 0 is the viscosity and g is a deterministic force.
To formulate the Navier-Stokes equations, we introduce the following standard spaces: = |v|.
The inner product on H will be denoted by (·, ·).
Define the operator A (Stokes operator) in H by the formula
3) where W (·) is an H−valued Brownian motion, b is a constant vector in H, f is a measurable mapping from some measurable space X to H, andÑ n (ds, dx) is a compensated Poisson measure on [0, ∞) × X with intensity measure nν, where ν is a σ-finite measure on B(X).
There exists a great amount of literature on the stochastic Navier-Stokes equation. A good reference for stochastic Navier-Stokes equations driven by additive noise is the book [5] and the references therein. The existence and uniqueness of solutions for the 2-D stochastic Navier-Stokes equations with multiplicative Gaussian noise were obtained in [12] , [18] and [20] . The ergodic properties and invariant measures of the 2-D stochastic Navier-Stokes equations were studied in [13] and [16] . The small Gaussian noise large deviation of the 2-D stochastic Navier-Stokes equations was established in [20] and the large deviation of occupation measures was considered in [15] .
Large deviations for stochastic equations and stochastic partial differential equations have been investigated in many papers, see [1] - [4] and [24] . There is not much work on large deviations for stochastic evolution equations driven by Lévy noises in infinite dimensions. To the best of our knowledge, [19] was the first paper on this topic, where the Lipschitz coefficients are considered. For this paper, in addition to the difficulties caused by the Lévy noise, much of the problem is to deal with the highly non-linear term B (u, u) . For this purpose, we need to prove a number of exponential estimates for the energy of the solutions as well as the exponential convergence of the approximating solutions. We mention that the large deviation principle for the solution of the stochastic equation driven by jump processes in finite dimensions has been established in [8] .
The organization of this paper is as follows. In Section 2, we collect some preliminary facts which are frequently used in the sequel. In Section 3 , we prove a number of exponential estimates for the solutions, which will play an important role in the rest of the paper. Section 4 is devoted to establish a large deviation principle.
Preliminaries
Identifying H with its dual H , we consider Eq.(1.3) in the framework of Gelfrand triple:
In this way, we may consider A as a bounded operator from V into V . Moreover, we also denote by < ·, · >, the duality between V and V . Hence, for u = (u i ) ∈ V , w = (w i ) ∈ V , we have
whenever the integral in (2.2) makes sense. In particular, if u, v, w ∈ V , then
By the integration by parts,
There are some well-known estimates for b (see [21] for example), which will be required in the rest of this paper and we list them here. Throughout the paper, we denote various generic positive constants by the same letter c. We have
for suitable u, v, w. Moreover, combining (2.3) and (2.8), we obtain a useful estimate as follows:
Before ending this section, let us set up the stochastic basis. Let (Ω, F, P ) be a probability space equipped with a filtration {F t , t ≥ 0} satisfying the usual conditions. Let W (·) be a H-valued Brownian motion on (Ω, F, P ) with the covariance operator Q, which is a positive, symmetric, trace class operator on H. Let (X, B(X)) be a measurable space and ν(dx) a σ-finite measure on it. Let p = (p(t), t ∈ D p ) be a stationary F t -Poisson point process on X with characteristic measure ν(dx), where D p is a countable subset of [0, ∞) depending on random parameter ω (see [14] ). Denote by N (dt, dx) the Poisson counting measure associated with p, i. Throughout this paper, we assume that 
Exponential Estimates
To establish the large deviation principle, we first prove some exponential estimates. Let u n · be the solution of the following stochastic Navier-Stokes equation
Let X n · = nu n · , then X n · is the solution of the following equation
Denote by {e k } ∞ k=1 an orthonormal basis of H that consists of eigenvectors of Q in V with {λ k } ∞ k=1 being the corresponding eigenvalues.
local martingale, where
Proof: Applying Itô's formula to exp(g(X n t )), we get
is a local martingale. The Lemma follows by another integration by parts.
In the rest of this section, we always set g(y) :
Denote by T rQ the trace of the operator Q, i.e T rQ :
We have the following results. 
we have,
where h(·) is defined in Lemma 3.1.
Observe that
Due to (3.4) and Doob's inequality, 6) where in the last step, we used the fact that
ds is a non-negative local martingale with the initial value 1. Putting (3.5) and (3.6) together, we have
Hence,
Taking r → ∞ in the above inequality, one obtains the result.
Proof: As 
it is sufficient to show 
(3.8) follows from the previous lemma. We prove (3.9). Therefore, Define the projection operator P m by
, Z n t be the solutions of the following linear equations respectively,
and
is the solution of the equatioñ
Similar to the proof of Lemma 3.1, one has
wherẽ 
where
As in the proof of (3.10), we have
where we used the fact in (3.14). Therefore, lim sup Since λ is arbitrary, taking λ → ∞ in the above inequality, we obtain
Combining with (3.15) proves the lemma.
Large Deviation Principle
First, we state the main result of this paper. For l ∈ H, define
then by [9] , we know that the laws of {L n · , n ≥ 1} satisfy a large deviation principle on D([0, 1]; H)with the rate function I 0 , which is defined by 1] ; V ) to be the solution of the following equation
with the convention inf{∅} = ∞. 
Proof: Let v t (g) = φ t (g) − g(t), then v t (g) satisfies the following equation
It is sufficient to show that
To this end, we need some energy estimates for v t (g). In view of (2.3), (2.4), (2.5), and (2.9), we have
Applying Gronwall's inequality, we have
It is easy to see that, if g is replaced by g n , (4.3), (4.4) still hold. Since lim n→∞ sup 0≤t≤1 ||g n (t) − g(t)|| 2 = 0, there exists a constant C g (x) depending on sup 0≤t≤1 ||g(t)|| and |x| 2 (which may change line to line) such that
Now by the chain rule, one has
Now, due to (2.3), (2.4), (2.5) and (2.9),
(4.7)
Combining (4.6) and (4.7), one obtains
Applying Gronwall's inequality and (4.5), we arrive at
Let n → ∞ to prove the lemma. 8) where
Recall that Z n,m , Z n are defined as in (3.11) and (3.12). Setū
Proof: Note that 
